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Interpretation of Propositional Logic

Definition (Interpretation)

A Propositional interpretation is a function | :PROP — {True,False}

Remark

If[PROP| is the cardinality of PROP, then thereare 2** [PROP|
different interpretations, i.. all the different subsets of PROP.

If|[PROP | is finite then there is a finite number of interpretations.

Remark
A propositional interpretation can be thought as a subset S of PROP,
and | is the characteristic function of S, i.e.,

A €S iff I(A) =True.
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Interpretation of Propositional Logic

p q r Set theoretic representation
1 [ True True True {p.q,r}
l2 | True True False {p.q}
I3 | True False True {p,r}
l4 | True False False {p}
Is | False True True {q,r}
le | False True False {q}
|7 | False False True {r}
lg | False False False {}




Satisfiability of a propositional formula

Definition (| satisfies a formula, | = A)

A formula A is true in / satisfied by an interpretation |, in symbols
| EA, according to the following inductive definition:

@ | EPifl(P)=True withPEPROP
@ IE-A  ifnotl EA

@ |EAAB if,lEAand| =B

| EAVB if,l EAorl|l EB

| EA—B if, when | EA then| EB

| EA=B if, | EAiffl EB




Satisfiability of a propositional formula

Example (interpretation)

LetP ={P,Q}.
I(P ) = Trueand 1(Q) = Fake can be also expressed with
I ={P}.

A

Example (Satisfiability)

Let | ={P}. Checkifl =(PAQ)V(R — 9):

Replace each occurrence of each primitive propositions of the
formula with the truth value assigned by I, and apply the definition
for connectives.

(True AFalse) V (Fake — False) (1
False V True 2
True €

\




Satisfiability of a propositional formula

Proposition

If for any propositional variable P appearing in a formula A,
[(P)=1'(P), then | EAIffl' EA




Checking if | EA

Lazy evaluation algorithm (1/2)

_ check(l =p)
(A=p) if 1(p) = True
then return YES
else return NO

check(l EB AC) if

(A = BAC) check(l =B)
then return check(l £C)
else return NO
(A = BVC) check(l EB VC) if

check(l =B)
then return YES
else return check(l =C)




Checking if | EA

Lazy evaluation algorithm (2/2)

check(l EB — C) if
A=B—C) check(l EB)
then return check(l =C)
else return YES

(A=B=C) check(l EB=C) if
check(l =B)
then return check(l =C)
else return not(check(l =C)




Formalizing Sentences

Exercise

Let’s consider a propositional language where p means “Paola is happy”, g means
“Paola paints a picture”, and r means "Renzo is happy”.
Formalize the following sentences:

@ if Paola is happy and paints a picture then Renzo isn’t happy”
pAq—r

@ if Paola is happy, then she paints a picture”
p—q

© ’Itis not the case that Paola is happy and she does not paint a picture”
= (b A =1 g) which is equivalent to p—q!!!

The precision of formal languages allows to avoid the ambiguities of natural
languages.
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